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ABSTRACT
We calculate analytically an effect of the thermal Comptonization on the cosmic microwave background (CMB) photons when they
propagate through galaxy clusters. We estimate a deformation of the CMB spectrum due to multiple Compton scattering of the photons
off electrons of an optically-thin hot spherical plasma cloud. This new approach allows us to disentangle and determine the optical
depth and the electron temperature of a galaxy cluster using the CMB observations.
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1. Introduction
The Cosmic Microwave Background (CMB) retains impor-
tant information on primordial quantum perturbations, raised
by inflation. Apart from those relic signatures, the late time
CMB fluctuations appear as a result of its interaction with
a hot plasma after reionization begins. Spectral perturbations
of the CMB have been investigated by Weymann (1965),
Weymann (1966), Peebles (1970), and in the series of papers by
Zeldovich & Sunyaev (1969) and Sunyaev & Zeldovich(1970a,
1970b, 1970c, and 1970d). The review of theory of interac-
tion of free electrons with radiation is presented by Zel’dovich
(1975) (see also Sunyaev & Khatri 2013).
Observations of the spectral perturbations of the CMB in di-
rections of galaxy clusters is therefore a powerful tool for cos-
mology. Satellites WMAP and PLANCK have revealed the exis-
tence of the CMB fluctuations in the directions of rich galac-
tic clusters (Huffenberger et al. 2004; Bielby & Shanks 2007;
Planck Collaboration et al. (2018) and references therein1).
Inside galaxy clusters, the Compton scattering is the main
process of interaction of the CMB photons with hot plasma of
the temperature of order of 1− 30 keV. The Doppler effect plays
a major role in the CMB spectrum modification, and the Klein-
Nishina suppression of the cross section may be neglected. The
relative change of the photon energy due to the Doppler effect
for one scattering is described by the relation
〈∆ Eγ
Eγ
〉 & 4 kB Te
me c2
< 1 , (1)
where Eγ is the photon energy, Te is the plasma temperature,
kB is the Boltzmann constant, c is the speed of light, and me is
1 see also the list of papers at
https://www.cosmos.esa.int/web/planck/publications
Fig. 1. Comptonization of the CMB photons in a hot plasma could.
the electron mass (see §2.2 in Pozdnyakov et al. 1983, hereafter
PSS83).
A study of the interaction between the CMB photons and in-
tergalactic matter was based on the solution of the Kompaneets
equation (Kompaneets (1956), see also Weymann (1965)). This
equation describes evolution of the photons energy over time
in the homogeneous infinite medium. This justifies an applica-
tion of this approach for cosmological problems (see review by
Sunyaev & Zeldovich 1980). But in galaxy clusters the situation
is different: the CMB photons scatter off the hot electrons in a
bounded plasma cloud.
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The thermal Comptonization in the finite medium was first
studied by Sunyaev & Titarchuk (1980, hereafter ST80). They
considered the problem in the diffusion approximation, when the
Thomson optical thickness of the cloud τ > 1. Photons undergo
evolution over energy while diffusing in a hot plasma cloud, and
the redistribution of the photons energies takes place because
of the Comptonization. A general problem of Comptonization
in the finite medium has been further considered, analytically
and numerically, by PSS83; Sunyaev & Titarchuk (1985, here-
after ST85), Titarchuk (1994), Titarchuk & Lyubarskij (1995,
hereafter TL95), Hua & Titarchuk (1995); Titarchuk & Zannias
(1998). The essential point of these studies is that the high-
energy power-law tail is formed even when the optical depth of
the medium is much less than 1.
In the present work, we consider a modification of the CMB
spectrum, using a solution for the bounded spherical plasma
cloud. This modification is obtained from the solution of the ra-
diation transfer problem in the stationary case (TL95). The re-
sulting spectrum is a sum of the direct CMB blackbody radia-
tion and a small fraction of those CMB photons which undergo
upscattering in a hot plasma cloud.
Zeldovich & Sunyaev (1969) and Sunyaev & Zeldovich
(1970d) derived the resulting spectrum of the Comptonized
CMB and suggested that it depends on y-parameter only,
where y ∝ τ kB Te/(me c2). Their approximation is widely used
to model the observed CMB distortions (Birkinshaw 1999;
Carlstrom et al. 2002; Mroczkowski et al. 2019, and references
therein).
Here we disentangle the principal physical parameters of a
Comptonizing cloud: the optical depth τ and plasma temperature
Te and illustrate high potential of our approach. Using the new
model we fit two cases of observed CMB distortions.
In §2 we present a solution to the problem of Comptonization
of the CMB in a finite hot plasma cloud. In §3 we compare new
model with observed distortions of the CMB spectrum. In §4
we consider derivation of the temperature of a plasma cloud. We
compare our results to other works in §5 and give a summary of
the paper in §6.
2. Comptonization of CMB
We consider an optically thin hot spherical plasma cloud with
the electron temperature Te and optical depth τ≪ 1 (Fig. 1). The
CMB spectrum observed in the direction of the cloud is produced
by scattered and un-scattered photons. The number of photons
passing the cloud is conserved, while the intensity Iν of the CMB
radiation is modified. It is a sum of the spectrum Bν related to
direct photons (more numerous) and the thermally Comptonized
spectrum ITC, formed in the cloud:
Iν = e
−τ Bν + (1 − e−τ) ITC (2)
or
Iν h e
−τ Bν + τ ITC (3)
for τ≪ 1.
The part of the emergent spectrum (3), affected by the ther-
mal Comptonization, ITC, can be obtained by a convolution
of the CMB spectrum with the upscattering Green function
(GF), which can also be thought of as a ‘redistribution func-
tion’. This is a consequence of the linearity of the radiative
transfer equation (see, for example, Chandrasekhar (1960), §86,
Rybicki & Lightman (1979), §7.3) in the case of negligible in-
duced scattering. In simple terms, the whole spectrum can be
considered as a sum of the monochromatic radiations. If trans-
formation of the radiation at each specific frequency is known,
the resulting spectrum can be calculated as a convolution:
ITC(χ) =
∫ ∞
0
G(χ, χ0) I0(χ0) dχ0, (4)
where I0(χ0) is the initial (CMB blackbody) spectrum and we
take the GF as
G(χ, χ0) =
α (α + 3)
2α + 3
1
χ0
(
χ
χ0
)α+3
if 0 ≤ χ ≤ χ0 , (5)
G(χ, χ0) =
α (α + 3)
2α + 3
1
χ0
(
χ
χ0
)−α
if χ0 ≤ χ < ∞ (6)
introducing the dimensionless photon energy χ = hν/(kBTe).
The GF is the emergent spectrum if the initial photons are
monochromatic.
This GF was derived by ST80 for non-relativistic optically-
thick plasma. On the other hand, usingMonte-Carlo simulations,
PSS83 demonstrated that the hard tail of the Comptonized spec-
trum of injected soft photons for a wide range of optical depths,
from τ ∼ 10−4 to 10, is a power law. Even for ultra-relativistic
electron distribution, the Green’s function also has a broken-
power-law form, as demonstrated by Fig. 42a of PSS83. Thus
the GF can be presented as a broken power law for any τ, in a
wide range of the plasma temperature. TL95 formulate the radia-
tive transfer in the finite medium (flat and spherical geometry) in
terms of the full kinetic equation and solve it when hν < kB Te.
They find the spectral index α as a function of the optical depth
τ and Te. They also compare their results with the results of the
Monte-Carlo simulations by PSS83, demonstrating a full agree-
ment.
Since TL95 were interested in the emergent spectrum in
the range of hν < min(kB Te,me c
2), they took into account
the Doppler effect only. Thus, in the scattering kernel, they ne-
glected z/γ, where z = hν/mec
2 is a dimensionless photon en-
ergy, with respect to D = 1 − µv/c, where v is the electron ve-
locity, γ = 1/
√
1 − v2, and µ is the cosine of the angle between
derections of a photon and an electron (see Eqs. (1-5) in TL95).
TL95 proved that the solution of the kinetic equation with the
above assumptions could be presented as a product of a power-
law function of frequency and a function which depends on the
space coordinates. It is worth noting that the similar approach
was also applied by Titarchuk & Zannias (1998) for a solution of
the Comptonization problem for the converging flow. As a result
TL95 reduced the whole problem to a solution of the eigen-value
problem formulated in terms of the spectral index α and, finally,
a construction of the GF. Fig. 2 in TL95 demonstrates how the
analytically determined spectral indices match the Monte-Carlo
simulated spectral indices. We argue therefore that Eqs. (5)–(6)
for the GF are general and valid for any optical depth (see also
Appendix A for a physical explanation).
We also introduce a dimensionless variable x = hν/kBTr,
where Tr is the blackbody temperature of CMB, and normalize
intensity values to I0 = 2 k
3
B
T 3r /(c
2 h2). The blackbody spectrum
is then
Bν(x) =
I0 x
3
ex − 1 . (7)
The Comptonized spectrum ITC can be then presented as the con-
volution
ITC(x) =
∫ ∞
0
G(x, x0) Bν(x0) dx0 . (8)
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Fig. 2. Modification of the black body spectrum by a hot plasma cloud for different indexes α (the solid lines) in comparison with the original
black body distribution (the dashed line).
In Fig. 2 we show the Comptonized CMB spectrum along
with the original blackbody spectrum in values of the normalized
intensity Iˆ = I/I0.
2.1. Properties of the Green function
The GF is formed as a result of the Comptonization of the
isotropic monochromatic photons passing through a Comptoniz-
ing (hot) cloud. If the photon dimensionless frequency is x0 and
the intensity δ(x−x0) then the Comptonized spectrum isG(x, x0).
The ratio of the integrated intensities of the Comptonized pho-
tons, F, to initial photons, F0, is
F
F0
=
∫ ∞
0
G(x′, x0) dx′∫ ∞
0
δ(x′ − x0) dx′
=
α(α + 3)
(α + 4)(α − 1) . (9)
Obviously, the ratio F/F0 → 1 for α ≫ 1. This means that for
a large α the GF is strongly peaked at x = x0, i.e. the photon
energy of the Comptoniized radiation is scarcely shifted.
The number of Comptonized photons is con-
served. The total number of the incoming photons is∫ ∞
0
[δ(x′ − x0)/x′] dx′ = 1/x0 and the total number of the
emergent photons is
(10)
∫ ∞
0
G(x′, x0)
x′
dx′ =
1
x0
.
As a result, the photon number is conserved for the Comptonized
radiation with respect to the injected photons.
2.2. Asymptotics for the emerging spectrum
Now we analyze the emergent spectrum presented by equation
(8) in detail. We should remind a reader that the Comptonization
spectrum (convolution) conserves a photon number. Thus due to
the Comptonization process the emergent spectrum (8) should
be shifted to higher energies, but at the same time the total pho-
ton number of photons scattered in the Compton cloud remains
constant (see Eq. (10)).
For very low frequencies, hν/kBTr≪ 1, the CMB spectrum
in the dimensionless form (7) can be rewritten as
Bν(x) = x
2 I0. (11)
If one convolves this spectrum with the Green’s function
(Eqs. 5–6), it is easy to obtain for α ≫ 1 (see the dotted line
in Fig. 4):
ITC(x) =
∫ ∞
0
τ Bν(x0)G(x, x0) dx0 ≈ τ
(
1 − 2
α2
)
x2 I0. (12)
As a result, one can observe (see Fig. 3) the shortage of the
photons at low energies with respect of those in the CMB for
hν < kB Tr (in the Rayleigh–Jeans part of the spectrum).
We are interested to calculate corrections to CMB due to
Comptonization at high energies, hν > kB Tr. In this case, we
replace Bν(χ) by its high energy asymptotic, the Wien spectrum:
Wν(x) = I0x
3e−x. (13)
We can rewrite formula (8) as a sum of two integrals and, sub-
stituting the Taylor expansion for Wν(x) as demonstrated in Ap-
pendix B, we obtain the corrections to the CMB spectrum for
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Fig. 3. Effect of Comptonization at low frequencies.
Fig. 4. Analytic approximations of the modified spectrum with α = 10
(solid line): the dotted line shows dependence (12) and the dashed line,
dependence (15), for the low- and high-frequency wings of the distorted
spectrum, respectively.
x = hν/kB Tr > 3
ITC(x) ≈ τWν
{
1 +
α(α + 3)
2α + 3
×
×
[
(x − 3)
(
1
α(α + 1)
+
1
(α + 2)(α + 3)
)
+ ∆(x, α)
]}
,
(14)
where ∆(x, α) is the next correction to ITC(x) with respect to α
(see Eq. B.14). The corresponding dependence for α = 10 is
shown by the dashed line in Fig. 4.
For α ≫ 1 we have
ITC(x) ≈ τBν(x)
[
1 +
1
α
(x − 3)
]
(15)
and, consequently, the second term in formula (15) is positive
when hν > 3kBTr.
3. Comparison with observed CMB deformation
The observed deviation is the difference between the intensity of
radiation passed through a cloud (2) and the CMB intensity:
∆Iν = Iν − Bν ≈ τ (ITC − Bν) , (16)
Fig. 5. Relative distortion of the blackbody spectrum (17) due to Comp-
tonization for different values of α.
where ITC is calculated according to (8), and the approximation
is accurate by better than 0.5% for τ < 0.1. Normalized distor-
tion
∆IˆTC =
∆Iν
τ I0
(17)
is shown in Fig. 5 for different values of α.
To illustrate results that can be obtained applying the new
model, we use the published results of the observed CMB defor-
mation for galaxy cluster Abell 2163 (Nord et al. 2009) and for
a stacked frequency spectrum of a sample of 772 galaxy clusters
obtained using Planck data (Erler et al. 2018).
The data and resulting fits are shown in Figs. 6 and 7, with
the two best-fit parameters of the model, α and τ, given in the
captions. Since χ2-values of the fits are much less than theoreti-
cal ones, we cannot use them to estimate uncertainties. Instead,
the uncertainties at 1-σ level are calculated by the smooth boot-
strap method using Monte-Carlo simulations. The distributions
of the model best-fit parameters obtained in the course of the
Monte-Carlo simulations are shown in Figs. 8 and 9.
Data at frequencies greater than ∼ 300 GHz should be
used with great caution when one models the CMB distor-
tion since a contribution from other emitting sources is non-
negligible, namely, the far-infrared radiation from the cluster’s
warm dust (Erler et al. 2018; Birkinshaw 1999, see Figure 20
there). For this reason, in Fig. 6 we give results for two fits, with
and without the high-frequency data point.
To sum up, the distinct property of our model is that the op-
tical depth of the plasma cloud is readily determined using fits
of the theoretical deviation (16) with respect of the data. This is
possible because the theoretical spectrum is presented as a con-
volution of the CMB original black body spectrum with the GF
(5)–(6). In addition, the electron temperature can be determined,
if the full problem of Comptonization is solved, namely, over
space and energy.
4. Physical parameters of the CMB-modifying cloud
TL95 solved a stationary Comptonization problem for any opti-
cal depth and derived a dispersion equation relating the power-
law index α, plasma temperature Te, and the optical depth τ0,
where τ0 = τ/2 (see Fig. 1):
C0(θ, α) λ(τ0) = 1 , (18)
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Fig. 6. Data points for the galaxy cluster Abell 2163 are from Nord et al.
(2009; table 3 there). The solid curve is the best fit to all but the highest-
frequency point by model (16) with α = 6 ± 3 and τ = 2 τ0 = 0.02 ±
0.01. The dotted curve is the best fit to all points with α = 9 ± 3 and
τ = 2 τ0 = 0.035 ± 0.02. The resulting electron temperature (see §4)
is kBTe = 34
+32
−28 keV for the former fit, and kBTe = 15
+10
−8 keV, for the
latter.
Fig. 7. Data points for a stacked frequency spectrum of a sample of
772 galaxy clusters obtained using Planck are from Erler et al. (2018;
digitized Figure 9). The solid curve is the best fit by model (16) with α =
13.7000+0.0005−0.0007 , τ = 2 τ0 = 0.0290
+0.0007
−0.001 . The resulting ‘stack’ electron
temperature is kBTe = 7.01
+0.05
−0.03 keV (see §4).
where
θ = kB Te/me c
2, (19)
and no limitation is set on the optical depth τ0.
In (18) C0 is the zero-moment coefficient of the Legendre
expansion of a phase function (see eqs. (8) and (10) in TL95),
which is found from a scattering kernel. TL95 found formula
C0 = 1 + θ α (α + 3) (20)
for the non-relativistic plasma and α < 2 using an expansion of
the scattering kernel.
In a general case of α the function C0(θ, α) can be calcu-
lated numerically, as described in Appendix of TL95.We present
characteristic values of C0 in Table 1. These values are obtained
using the relativistic Maxwellian distribution of electrons.
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Optical depth τ
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d
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α
Fig. 8. Distribution of the best-fit parameters α and τ obtained
in the course of Monte-Carlo simulations using the Abell 2163
data (Nord et al. 2009). The data point at 348 GHz is excluded from
fitting. The inner and outer contours are drown at the 1-σ and 2-σ lev-
els, respectively.
0.026 0.028 0.030 0.032
Optical depth τ
−0.003
−0.002
−0.001
0.000
0.001
0.002
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7
Fig. 9. Distribution of the best-fit parameters α and τ obtained in the
course of Monte-Carlo simulations using the data obtained for a stack
of 772 galaxy clusters using Planck (Erler et al. 2018). The inner and
outer contours are drown at the 1-σ and 2-σ levels, respectively.
Eigenvalue λ(τ0) of a radiation transfer problem is expressed
as
λ(τ0) = e
−β(τ0) , (21)
where a value 1/β is of order of the mean number of scatter-
ings in the cloud. An approximation for β(τ0), incorporating ex-
pressions for both large and small optical depth τ0 (see ST80
and ST85, respectively), is derived in Titarchuk (1994). For the
spherical case it reads as:
β(τ0) =
pi2
3(τ0 + 2/3)2
(1 − e−0.7 τ0) + e−1.4τ0 ln 4
3τ0
. (22)
For an optically thin spherical case (τ0 ≪ 1) we have
β = ln(4/3τ0) and consequently
λ(τ0) = 3 τ0/4 . (23)
In view of all the above, we can find the dimensionless tem-
perature θ of a plasma cloud as a solution of implicit equation
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Table 1. Decimal logarithm of C0(θ, α) calculated following TL95. The extended version is available online.
θ  α 1 . . . 6 7 8 . . . 12 13 14
0.002 0.0035 . . . 0.0479 0.0625 0.0791 . . . 0.1674 0.1954 0.2259
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0.01 0.0175 . . . 0.2579 0.3432 0.4435 . . . 1.0163 1.2057 1.4142
0.02 0.0351 . . . 0.5551 0.7485 0.9777 . . . 2.2575 2.6650 3.1056
0.03 0.0528 . . . 0.8774 1.1873 1.5503 . . . 3.5013 4.1037 4.7484
0.04 0.0706 . . . 1.2115 1.6360 2.1265 . . . 4.6825 5.4553 6.2768
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0.14 0.2489 . . . 4.1664 5.3883 6.7163 . . . 12.9009 14.6303 16.4224
Fig. 10. Dependence of the GF spectral index α on the physical param-
eters of the Comptonizing cloud, the optical depth τ0 = τ/2 and plasma
temperature θ, indicated in the legend for each curve. See Eq. (18).
(18) after the values of τ = 2 τ0 and α are determined as the best-
fit parameters using observations of a CMB distortion (see §3).
The dependence α(τ0, θ) in a graphical form is presented in
Fig. 10. Slopes of the high-frequency tails of the Comptoniza-
tion spectra obtained by PSS83, agree with the analytically cal-
culated α by TL95 (see their Fig. 2).
For β ≪ 1, using (18), (20), and (21), one can obtain a simple
form of the dispersion equation,
θ α (α + 3) = β , (24)
which was early derived by ST80 for the case of θ ≪ 1 and
τ0 & 1.
5. Discussion
We compare our model with the following formula, which is
widely used to describe the non-relativistic Sunyaev-Zeldovich
effect,
∆IˆSZ = θ
x4 ex
(ex − 1)2
(
x
ex + 1
ex − 1 − 4
)
. (25)
This expression is obtained from the Kompaneets equa-
tion describing the photon energy diffusion over time in
the unbounded uniform medium (Zeldovich & Sunyaev 1969;
Sunyaev & Zeldovich 1970d) .
The normalized distortion of the Comptonized CMB spec-
trum (17), is a function of x and depends on the parameter
α(τ, θ):
∆IˆTC = f (x, α) , (26)
Fig. 11. Comparison of the normalized distortion of the Comptonized
CMB spectrum ∆IˆTC (17) (solid lines) with the analytic solution for the
Kompaneets equation ∆IˆSZ (Eq. (25), the dashed lines). Parameter α
of ∆IˆTC increases from the highest to lowest solid curve. Parameter θ
of ∆IˆSZ decreases from the highest to lowest dashed curve and equals
1/α/(α + 3).
Fig. 12. Comparison of the normalized distortion of the Comptonized
CMB spectrum ∆IˆTC (17) (solid lines) with the analytic solution for the
Kompaneets equation ∆IˆSZ (Eq. (25), the dashed line) for the plasma
temperature θ = 0.03. The optical thickness τ decreases from the high-
est to lowest solid curve. The corresponding α are 4.52, 7.65, and 9.98.
The Kompaneets approximation gives the normalized distortion inde-
pendent of the optical depth τ, in contrast to the new solution.
while (25) implies that the resulting normalized distortion per
unit optical depth is independent of τ:
∆IˆSZ = θ f (x) . (27)
In Fig. 11 we illustrate dependencies of ∆IˆTC and ∆IˆSZ on
their parameters for θ = 0.03 (kBTe = 15.3 keV). To begin with,
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Fig. 13. Same as Fig. 12 but for the plasma temperature θ = 0.01.
Fig. 14. Data points for Abell 2163 from Fig. 6 without the higher-
frequency LABOCA point. The solid curve is the same curve (16) as
in Fig. 6 and its χ2/d.o.f. ≈ 0.4. The dashed curve is the best fit to all
points with SZ model and χ2/d.o.f. ≈ 0.6.
it is worth noting that the ‘pivot’ values of x, where ∆IˆTC = 0,
shift with increasing α to the left and approach x → 3.83, while
∆IˆSZ = 0 always at x ≈ 3.83. For large α, our solution ∆IˆTC coin-
cides with the ‘τ-independent’ ∆IˆSZ, if we set β = 1 in Eq. (24).
The Sunyaev-Zeldovich solution is therefore a particular case
of our new, more general solution. In this particular case, τ-
dependence is worn out (for large α) and the amplitude of the
distortion is determined by the non-relativistic relation (24) be-
tween α, τ, and θ.
The properties of the spectral modification due to thermal
Comptonization in the bounded plasma are the following. The
crossover frequency in our solution depends on α(τ0, θ), where
τ0 = τ/2, that is, it changes with the optical depth τ, even if the
temperature θ is fixed. Further, the distortion divided by τ has a
spectral shape that depends on the optical depth τ.
The latter is not at all unexpected. We remind an estab-
lished fact that the form of a Comptonization spectrum from an
optically-thick cloud depends on the optical depth τ (see, for ex-
ample, §7.7 of Rybicki & Lightman 1979; Steiner et al. 2009),
as well as on the electron temperature Te. It is physically jus-
tifiable that a τ-dependence of a spectral form is expected for
clouds with any optical depth, either > 1 or < 1. In that respect,
one should appreciate a difference between (26) and (27).
In Fig. 12 we plot normalized TC and SZ distortions for a
fixed plasma temperature and using (24). Naturally, we have dif-
ferent distortions ∆IˆTC for different τ. For τ ≪ 1 there is a re-
markable difference between (25) and our solution (17), which
exceeds typical kinetic (due to scattering of CMB photons by
a population of electrons that moves with a peculiar velocity
in the rest frame of the CMB; see for example Birkinshaw
1999; Carlstrom et al. 2002, Figure 2 there) and relativistic cor-
rections (see, for example, Figure 1 in Rephaeli 1995, Figure 1
in Erler et al. 2018, and Figure 2 in Mroczkowski et al. 2019).
In Fig. 13, the normalized distortions are plotted for the plasma
temperature 5 keV, when the relativistic effects are negligible
(see, e.g., Mroczkowski et al. 2019), and one can see same dif-
ferences between the solutions. This difference is caused by the
fact that we consider a specific radiation-transfer problem (evo-
lution in space and frequency instead of evolution in time and
frequency) and take into account multiple scatterings.
Fig. 14 compare fitting results with TC and SZ model for
Abell 2163. Values of reduced χ2 given in the caption indicate
that the TC model fits at least as good as the SZ fit. For the
Planck stack of 772 clusters (Fig. 7), the tendency is the same:
χ2/d.o.f. ≈ 0.48 for TC and χ2/d.o.f. ≈ 0.7 for SZ.
Erler et al. (2018) have estimated a sample-average (mass-
weighted) X-ray spectroscopic electron temperature of their
sample of 772 galaxy clusters as 6.91 ± 0.08 keV. While this
temperature is in a very good agreement with the value we ob-
tain (see caption of Fig. 7), it should be kept in mind that some
modification of the relation between α and the physical param-
eters of the cloud (τ and Te) is possible when a specific density
distribution in galaxy clusters is taken into account. Such an in-
vestigation would lead to a substantial increase of complexity of
the analytic consideration and is a subject of the future study by
other methods.
Resulting values of parameter y = τ θ differ significantly
for the two models. This is evident from the case with the
Planck data, which have smaller relative errors. We have fitted
the Planck data using (25) and obtained ySZ = (1.23±0.04)×10−4
(agrees with Fig. 9 in Erler et al. (2018)). TC model gives a dif-
ferent value yTC = τ θ = (4.0
+0.1
−0.2)×10−4. For Abell 2163 without
the LABOCA point, the SZ model gives ySZ = (3.2± 0.2)× 10−4
(see also Fig. 8, top panel, in Nord et al. 2009), and the TC gives
yTC = τ θ = (13
+15
−13) × 10−4.
Molnar & Birkinshaw (1999) have argued that the effect of
a finite optical depth of a cluster’s cloud/atmosphere is negligi-
ble for the observed CMB distortion. Their Monte-Carlo simula-
tions were performed using a method different from PSS83, and
apparently the photons experienced an average number of scat-
terings. However, it was pointed out in PSS83, that the power-
law high-frequency tail is shaped by multiple scatterings even
for very low optical depth (see § 6 and, for example, figure 37
in PSS83). Finally, as we show using the exact solution, finite
optical depth plays an important role.
Thus Sunyaev-Zeldovich distortion in the form of (25)
should be used with high caution since it yields physically in-
accurate estimates of the plasma-cloud physical parameters for
the case of spherical clouds with uniform density. Moreover,
(25) is not as useful as the present model because the optical
depth τ and plasma temperature Te enters an observed distortion
∆ISZ = τ∆IˆSZ I0 always as a product. Usually, relativistic correc-
tions to (25) are considered to remove this degeneracy. However,
we have demonstrated that the effect of a finite optical depth
dominates those (see Figs. 12 and 13).
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6. Conclusions
We present a method to fit the observed CMB distortions, which
is based on the thermal Comptonization model in which the
CMB photons are up-scattered off electrons in hot plasma clouds
of galaxy clusters. The model is based on a solution of photon
diffusion over frequencies, while they propagate through a spher-
ical plasma cloud of a finite size. The radiative transfer problem
is considered for a general case, when one has no limitation on a
value of the optical depth (less or more than 1).
Fitting observed distortions gives us two parameters: the
slope of the Green function α and optical depth τ. The temper-
ature of the plasma cloud can be found using values of α and τ
and the dispersion relation (18). Thus we disentangle the tem-
perature and optical depth of a Comptonizing cloud.
The presented solution gives us a form of the CMB distor-
tion which is significantly different for τ < 1 from the form
used in the literature following Zeldovich & Sunyaev (1969);
Sunyaev & Zeldovich (1970d). This deviation dominates the rel-
ativistic and kinetic corrections studied so far.
Physical parameteres of galaxy clusters can be estimated fol-
lowing the presented method. One should keep in mind that a
specific density distribution and possible anisotropies can influ-
ence the exact values of the temperature and the optical depth of
galaxy clusters.
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Appendix A: Universal power-law shape of a
Comptonized spectrum
Here we present a simple derivation of the power-law spec-
trum which can be applied to the particle acceleration in the
bounded medium and even to the money income distribu-
tion (Titarchuk et al. 2009). In fact, the GF power-law can
be obtained from the following considerations (see also § 6.3
of PSS83). The intensity of photons, undergone k scatterings in
a bounded medium (cloud), is
Ik ∝ pk , (A.1)
where p is the probability of a single scattering. The average
photon energy change per scattering is
〈E1
E0
〉 = 1 + η , (A.2)
where E0 is the primary photon energy and η is the relative
change of energy. Consequently, the photon energy Ek after k
scatterings is
〈Ek
E0
〉 = (1 + η)k . (A.3)
Let us compare the logarithms of intensity Ik and energy Ek after
k scatterings, divided by the original I0 and E0, respectively:
(A.4)
ln
Ik
I0
= k ln p ,
ln
Ek
E0
= k ln(1 + η) .
Their ratio does not depend on k which means that the resulting
spectrum is power-law, with the index being this ratio:
α =
ln(1/p)
ln(1 + η)
(A.5)
for I ∝ E−α.
Moreover, the form of GF given by (5)–(6) is general for
non-relativistic plasma in time-independent setting when only
the Doppler effect causes spectral changes. Indeed, Payne (1980)
shows that the linear radiation transfer equation without account
of induced scattering is separable under such conditions, see his
equations (A5)–(A6). In particular, energy evolution equation
(A5) of Payne (1980)) without recoil effect is equivalent to
1
x2
d
dx
(
x4
∂N
∂x
)
− β
θ
N = −β
θ
δ(x − x0)
x3
, (A.6)
where β is a separation constant, N(x) = I(x)/x3 is the photon
occupation number in the phase space, I(x) is the frequency-part
of the radiation intensity, x = h ν/kB Te , and θ = kB Te/me c
2.
Eq. (A.6) is just the equation the provides GF (5–6) found by
ST80 (see their equation(15)).
It is worth noting that for the optically thin case τ < 1 and
non-relativistic kBTe/(mec
2) ≪ 1 we limit ourselves with α > 1.
Subsequently, the integral
∫ ∞
0
G(x, x0) dx converges.
Appendix B: Analytic derivation of the CMB
distortion asymptotics
To find asymptotics for the high-frequency part of the Comp-
tonized spectrum we can rewrite formula (8) as a sum of two
integrals
(B.1)
ITC(x) =
α(α + 3)τ
2α + 3
[
x−α
∫ x
0
xα−10 Bν(x0)dx0
+ xα+3
∫ ∞
x
x−α−40 Bν(x0)dx0
]
.
We remind a reader that the Green’s function (Eqs. 5-6) has
a strong peak at x = x0, but the function Wν(x) is quite smooth
there. Therefore, we expand Wν(x0) near x as follows:
Wν(x0) ≈ Wν(x) + W′ν(x)(x0 − x) +W′′ν (x)(x0 − x)2/2. (B.2)
We subsitute this expansion in Equation (B.1) and obtain
ITC(x) =
α(α + 3) τ
2α + 3
[
I1(x) + I2(x)
]
, (B.3)
where
I1(x)= x
−α
∫ x
0
xα−10
[
Wν(x)+W
′
ν(x)(x0− x)+
W′′ν (x)
2
(x0− x)2
]
dx0
(B.4)
and
(B.5)
I2(x) = x
α+3
∫ ∞
x
x
−(α+4)
0
[
Wν(x) +W
′
ν(x)(x0 − x)
+
W′′ν (x)
2
(x0 − x)2
]
dx0
Now we can rewrite formula (B.3) as
ITC(x) =
α(α + 3)τ
2α + 3
Wν(x)[J1(x) + J2(x)] , (B.6)
where
J1(x) = x
−α
∫ x
0
xα−10
[
1 +
W′ν(x)
Wν(x)
(x0 − x) +
W′′ν (x)
2Wν(x)
(x0 − x)2
]
dx0
(B.7)
and
(B.8)
J2(x) = x
α+3
∫ ∞
x
x
−(α+4)
0
[
1 +
W′ν(x)
Wν(x)
(x0 − x)
+
W′′ν (x)
2Wν(x)
(x0 − x)2
]
dx0 .
We express W′ν(x)/Wν(x) and W
′′
ν (x)/Wν(x) using formula
for the Wien specrum (13):
W′ν(x)
Wν(x)
=
3 − x
x
(B.9)
and
W′′ν (x)
Wν(x)
=
(
3
x
− 1
)2
− 3
x2
. (B.10)
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We take integrals J1 and J2:
J1(x) =
1
α
+
x − 3
α(1 + α)
+
(x − 3)2 − 3
α(α + 1)(α + 2)
(B.11)
and J2(x):
J2(x) =
1
α + 3
+
x − 3
(α + 2)(α + 3)
+
(x − 3)2 − 3
(α + 1)(α + 2)(α + 3)
. (B.12)
Finally, using Eqs. (B.6–B.12), we obtain the corrections to
the CMB spectrum for x = hν/kBTr > 3 (cf. Eq. (14))
ITC(x) ≈ τWν
{
1 +
α(α + 3)
2α + 3
×
×
[
(x − 3)
(
1
α(α + 1)
+
1
(α + 2)(α + 3)
)
+ ∆(x, α)
]}
,
(B.13)
where ∆(x, α) is the next correction to ITC(x) with respect to α:
∆(x, α)= [(x−3)2−3]
(
1
α(α + 1)(α + 2)
+
1
(α + 1)(α + 2)(α + 3)
)
(B.14)
In fact, the same result for the CMB corrections for hν >
3kBTr can be obtained by integration by parts of Eq. (B.1)
(B.15)
ITC(x) ≈ τBν
{
1 +
α(α + 3)
2α + 3
×
×
[
− xB
′
ν(x)
Bν(x)
(
1
α(α + 1)
+
1
(α + 2)(α + 3)
)]}
followed by calculation ratio of xB′ν(x)/Bν(x) for hν > 3 kBTr.
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